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RESUMEN

El sistema de | gica del entailment de Anderson & Belnap, E, fue cons-
truido atendiendo a motivaciones muy alejadas de las que animaron a la
puesta en pie de los sistemas fuzzy. Sin embargo, el presente trabajo
muestra que cabe desarrollar un tratamiento fuzzy aprovechando la cons-
trucci n de E. La idea central de E es que 'p® q' es verdadero si y

s lo si hay una deducci n natural de "' a partir de p" y eso se nota
en que en la deducci n P’ no es una premisa ociosa. Reinterpretamos
aqu+ese v-nculo de relevancia en el sentido de que el grado de falsedad
de la conclusi n no exceda al de las premisas. Reforzando el sistema E
con una serie de axiomas adicionales, obtenemos una | gica conforme
con tal lectura.

81. SOME ANOMALIES OF THE LOGIC OF ENTAILMENT

Entailmentallogical systemE hasbeenpublicizedby its founders,Andersonand
Belnapb A&B for shortb, asalogic of bothrelevanceandnecessity(see[And&Bel),
pp.23f). Admittedly the systemhasturnedout to be lessstablethanit wassupposedo
beb awide varietyof strengtheningbavingbeenproposedn theliterature,esp.by the
authorsof [RLR], pp. 242ff. B, andin factevenA&B themselvesealizedthatseveral
axioms can be addedto systemE which do not run againstthe system$ motivation
[And& Bel], pp. 340-1. (Thefact has been highlighted and gone into from avariety of philo-
sophicaloutlooks;seee.g.Orayensdiscussionn [Orayen],n.14,p. 86.) However system
E hasremained a paradigm of entailmental logic. Such strengthenings as have been proposed
areeitherof no really weighty logical significanceor elsebring aboutthe abandonment
of atleasta partof theinitial motivation,relevanceascharacterizedby the standardof
use-in-proof and variable-sharing ® which nevertheless are different and separable congtraints,
asMindez (see[Mindez]), Avron (see[Avron]) and otherauthorshaveshown.

However systent is afflicted with anumberof shortcomingsSeverabf themhave
alreadybeenpointedat both by the deeprelevantistschoolheadedy RichardSylvanin
[RLR] and in many other places® aswell as by the already mentioned Mi ndez and Avron.
Otheramongthe shortcomingshavenot beenemphasizeget.

Let meenumeratsomeof thosedrawbacksFirstandforemostthe Adjunctionrule
D Adjfor shortb (namely'p', 'q" - "pUq') is introducedasanadditionalprimitive in-
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ference-rulewith no justification, but, worsethanthat, it is in fact crippledin any natu-
ral-deduction implementation of the system B in fact the rule applies only within the domain
of logic, the systemfailing to allow a generalapplicationof the rule in virtue of which
from anytwo premisesp' and'q' theconclusion’pUg’ couldbedrawn.Any application
of systemE to anon-logicaltheorywill haveto fall backonacceptingonly onenonlogical
axiom of the theory which will be the conjunctionof all its «ordinary»axioms.To that
extent, system E isin avery appropriate sense a non-conjunctive or non-copulative system,
eventhoughit falls shortof renouncingAdj altogetheiasdo otherparaconsistergystems
(Jadkowski's discussivdogic (see[Cos&Dub]) or Resche®& Brandoms modalapproach
(see[Res&Bral)).

Moreover the core motivation of entailmentalogic wasthe EntailmentPrinciple
([And&Bel], pp.277-8),viz. thataninferenceof "p' from premises’q"", "', ¥, Q"
is valid iff T® p' is a logical theorem,where 1" is the conjunctionof """, "', %4,
"g". Thus, sysem E D unlike «degp» relevant logicsB  countenances Conjunctive Assertion
("p® gUp® q'). But without afull-fledged or unshackled Adj we cannot in general conclude
"p® qUp from 'p® g andp'. Thus,E debarsisfrom applying the EntailmentPrinciple
in ouinferringpracticej.e.tofirst drawfromfrom{ 'p® o, 'p'} theconclusion p® qUp’
andthenfrom that conjunctionaloneto infer 7q'.

Furthermore, system E postulates aprinciple of distributivity which also causes serious
troublefor thenatural-deductioandGentzenmplementationsf thesystemseg Dunn)),
andwhich anywayis sufficiently convolutedto deservebeing a provedtheoremrather
thanpostulatedas an axiom.

No lesssurprisingis thefailure of Factor a principleinvestigatedy R. Sylvan.(On
this point, my arguments borrow from [Syl& Urb], which isthe main extant study of Factor.)
Factoris 'p® g® .pUr® .qUr" . Dueto lackthereof systemE doesnotallow usto conclude
thatheadsof horsesare headsof animalsfrom the premisethat horsesare animals.For
let 'p' mean'x is ahorse'; g, x isananimal’; 'r', "z is x's head';thenthe wantedin-
ferencewould be: " x(p® q) " x($z(pUr)® $2z(qUr)); but within aquantificational extension
of E we canproveonly this:" x,z(p® qU.I® r)) " x($z(pUr)®$ z(qUr). (Theaxiomsfor
introducingquantifiersareunproblematic.)n otherwords,we cannotsimply assumethat
whatis a creatures headis its head;we needto stateit asan additionalpremise despite
its being a logical theorem.Likewise, lack of Factorentailsthat settheoryis going to
become useless; for defineinclusion, xi z', as™ u(ul x® ul z)'; then without Factor we' Il
lose the following set-theoretical principles: 'xi z® " v(xCvi zCv)'; 'x=z® " u(uCx=uCz)’,
with equalitydefinedas mutualinclusion;andevenif we lay down the principle of ex-
tensiondlity, ™ x,z(x=z® " v(xi v® ZI v))', we'll be® without Factor B unableto conclude
that 'x=z® .p[x]® p[x/z]' (let 'p' be,e.g.,’xI ulul y'). On the otherhand,laying down
extensionalityin the strongerversionof the schema™ x,z(x=z2® .p[x]® p[x/z])" yields
"x=z® .p® p', evenwith no occurrenceof "X' in "p'; which is preciselya set-theoretical
versionof what A&B tried to avoid by banningFactor namely p® gq® .r® r'.

Interestingly Factoris B notjustwhenaddedo E butevenuponmuchweakersys-
temsof «deeprelevantlogic» B tantamounto Inclusion,namelythe principle 'p® qgl.
pUglp', where'I' is mutualimplication. The rationalefor Inclusionis that "p' implies
"q iff the «content»of "q' is includedin thatof "p', i.e. iff "p' is equivalentto "pUq’
b sothatby reaching'q' youareonly expressinggomethingmplicitly containedn p'.
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Suchanideahasbeenwidely invokedin supportof relevantiogic. And yetonly extremely
weakrelevantlogics canadmit of Factor(or Inclusion);for, if alogic hasMP, Adj, the
transitivityrule("p® ', g® ' |- p® 1), Commutativiyof bothdisjunctionandconjunc-
tion, Addition ("p® .pUq’) and Simplification ( PUG® p’ ), then, if it haseither Idem-
potence of either conjunction ("p® .pUp") or disiunction (pUp® p'), or else mutual Distri-
butivity, it hasasatheorem™p® p® .q® q'. (See[Syl&Urb] again.)

Most of all, systemE allows suppressior{for omission)of provedentailmentsin
exportedorm only, notin importedform. Thatis veryodd,sinceA&B ([And&Bel], p.262
top) allege that omission iswhat |eads to the erroneous|aw of exportationin CL . E bestows
aprivileged status to implicational formulae and countenances such principles as Suppression
("P® p® q® ') and exportedtransitivity ("p® g® .g® r® .p® r'), the only naturalway
of justifying which s to allow Exportationfor implicationalformulae,dueto their special
statusb somethingk falls shortof accepting.Thusalthoughfrom p'® p2® .q® I® S’
b provided 'g® r' is a theoremb we candeducep'® p2® s', we cannotdraw the
conclusionfrom p'® pPUO® N® s', evenif 'q® r' is a logical theorem.So p® quU
(r®rnN® s® .p® g® s' is notatheoremof E. Accordinglyaconjunctionof two implicative
formulaeis not to countasanimplicative formula at all!

Althoughthosedifferentshortcomingsnay seemunrelatedjn facttheyarisefrom
the samesource:the weakenedstatusof conjunctionandthe lack of whatwe cancall
interpolation axioms® axioms, that is, which are smpler and through which the less obvious
axiomsof E would becomeprovabletheorems.

§ 8 § 8 § § 8§
§2. STRENGTHENING SYSTEM E INTO A LOGIC OF FUZZINESS

Taking as my starting point the considerationgut forward above,| am going to
proposea chainof strengtheningsf systemE which cureit from the anomaliesWhat
is mostinterestings thattheemepging systemsareclearlyinterpretableaslogicsof fuzzi-
nessor graduality Thusthe E functor ® ', duly strengthenedeceivesanappealingcon-
strualas meaning to the extent[at least]that'.

Provided with such areading, the functor hasto be stronger than the original E arrow,
undernaturalassumptiongoncerningthe structureof truth degrees.

So,theresultingsystemsarecloserto CL (ClassicalLogic). Theyarenotrelevant,
in the senseahatthey do not comply with the relevantistconstraintspr at leastnot with
the oneof variable-sharingThey comply with the constraintof usein proof, with some
adaptations. But that natural-deduction implementation lies beyond the scope of the present
paper

Theresulting systems of fuzzy or gradualistic logic are intermediary between classica
andentailmentalogic. The approximationto CL goesfurtherthanthat. In fact, several
of the systemscontainall of CL, andareindeedconservativeextensionsof CL. Only,
the CL negation'@ is given a differentreadingfrom whatis customarylt is now read
‘not¥at all'. Classicahegations completenegatiorb thefunctorwhich mapsanything
true,to whatevemrextent,into completefalsehoodandthe utterly falseinto completetruth.
In someimportantsensethosesystemsareto CL asrelevantlogic was meantto be to
intuitionistic logic.
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All thosesystemshavethe laws of non-contradictiorand excludedmiddle. They
are paraconsistentopulativesystems] proceedto constructingthe chain.

SystemP0O=E

SystemP1 = PO+ Factor

SystemP2 = P1 + Linearization("p® qU.q® p')

SystemP3 = P2 + the Self-Self Principle ("N(p® p® N(p® p))® .p® p')
SystemP4 = P3+ IF [Implicational Funnel]("p® qU.p® g® ")
SystemP4.5= P4+ Mingle = CL. Mingle is 'p® .p® p'

SystemP5 = P4 + oneof these:Aristotle ("N(p® Np)'), Boethius("p® q® N(p® NQq)')
or Contradiction(namely for someparticularsententialconstang: jUNj")

SystemP6 = P4 + both theseprinciples: p® gq® .NHNHp® Hg' and "Hp® qU.Np® r’
(H' is read: It is altogethertrue that')

SystemP3.5= P3 + thosetwo principlesinvolving "H' = P6 minusIF
SystemP7 = P6+ "HpUNp'

SystenP8= P3.5+ thesawo: a’ and"a® pU.p® q' (‘a' is asententiatonstanmeaning
the conjunctionof all truths)

SystemP8.5= P8+ "Ha' = CL
SystemP9= P8+ "NH(a®a )"
SystemP10= P8+ "HN(Na®a )’

It canbeprovedthatP8containsP7;thatP10containsP9;that P9 containsP5; that
P8is a conservativeextensiorof CL (if classicalnegation, @', is definedas HN'"), and
thatP5andsuchsystemsascontainP5arenotjust paraconsisteriut contradictorialthey
have the theoremof Heracleitus: 'N(p® p)'). (In fact, "N(p® p)® (p® p)® (p® p)®
N(p® p)® N(N(p® p)® (p® p)® (p® p)® N(p® p))' is a theoremof E; the apodosisis
the negationof the protasis;whenwe addAristotle or Boethius,the resultis immediate:
the negationof the theoremis alsoa theorem.But in P1 we prove "pUNp® N(g® q)'.)

Amongall thosesystemsP5andP10areby far the mostimportantones.Theyare
themoststable.The mainmotivationin goingfrom P4to P6andupis to encompas€L
within fuzzylogic, astheextremecasewhereinit is aquestiorof eithercompletefalseness
or not (alternativelyof eithercompletetruth or not). SystemP8 andthoseaboveit allow
to implementclassicalconditional (which canbe definedin the usualway with strong
negation, @', anddisjunction,”U) in therelevantlyrecommendeavay: pEq iff thereis
sometruth, namelya, suchthatpUa® q.

A number of Hilbert style axiomatizations are provided below, which are more elegant
thanthe geneticpresentationust describedHere is an axiomatizationfor P5 with ten
axiomsandone primitive inferencerule:

Primitive symbols U, N, '®". 'p', 'q' etc areusedas schematidetters.Notational
conventionsare Y la Church:all two-placefunctorshavethe sameweight andassociate
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leftwards;a dot after a two-placefunctor standdor a left parenthesisvith its mateasfar
to theright aspossible.

Definitions: 'pUq abbr 'N(NpUNq)'; "vp' abbr "N(p® Np)'

P5a01p® o® rU(g® p® r)® r P5a06p® ® .r® s® .p® qU.I® s
P5a02p® qU(q® nN® .p® r P5a07p® q® .p® .pUg
P5a03pUqUr® .rUpUq P5a08Np® q® N(p® q)
P5a04pUg® p P5a09p® No® .q® Np
P5a05p® ® r® sU(v(p® p)® (p® q)® Sy® s P5a10NNp® p

Inferencerule: DMP (i.e. disjunctivemodusponen$:. for n3 1:

p'® qU(P® q)U0vsUp®q, p', ¥, P |

MP [ModusPonens is a particularcaseof therule B the onewhereinn=1. Adj is
a derivedinference-rule.

The significanceof DMP is thatto deduce'q from a numberof premisess to
showthat "q' is deducedrom atleastoneof them.Which doesnot meanthatnecessarily
thereis a proof from oneof the premisesalone,sincethe whole proof of the conclusion
from the premisesonsistan showingthatit eitherfollows from thefirst premise pr from
the second premise, and so on. Those deductions are not complete proofs, but proof-branches
or alternative sub-proofs.

Five alternativeaxiomatizationf systemP5 are now provided.
2d axiomatisation.
P5b01p® p® q® q P5b03pUgUr® .rUpUg
P5b02p® qU(g® N® .p® r P5b04pUg® p
P5b05p® q® p® p (provided 'p' is animplicationalformula)
P5b06p® .q® .pUg (provided "p' and 'q' areimplicational formulae)

P5b07p® q® .p® .pUg P5b10NNp® p
P5b08SN(Np® p) P5b1l p® qU.g® p
P5b09p® Ng® .g® Np P5b12v(p® p)® .p® p

Samedefintionsand sameinference-rulgdDMP) asabove.

3d axiomatisation.

P5c01p® g® r® .qR p® r® r P5cO05+(p® p)® .p® p
P5c02p® q® .q® 1® .p® r P5c06p® (q® r)® .pUg® r
P5c03pUqUr® .rUpUq P5c07 *Np® Np® .p® g® p® p
P5c04pUg® p P5c08p® q® .p® .pUg

P5c09Np® p® p (or, alternatively pUNg® N(p® q))
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P5c10p® Ng® .q® Np P5cIl NNp® p
P5c12 p® Ng® N(p® q) (or, aternatively, QUNQ, with “Q" aprimitive sentential constant)
Samedefinitionsand sameinferencerule (DMP) asabove.

4th axiomatisation.

P5d01p® p® q® q P5d07p® q® .p® .pUq

P5d02p® q® .o® r® .p® r P5d08Np® p® p

P5d03pUqUr® .rupUg P5d09Np® g® .Ng® p
P5d04pUg® p P5d10p® NNp

P5d05p® g® rU.p® q P5d1 p® q® N(Np® q))
P5d06p® g® (q® p)® .q® p P5d12N(p® p)® .p® p® N(p® p)

Samedefinitions; sameinference-rulg DMP).

5th axiomatisation.

P5e01p® g® .q® r® .p® r P5e06p® o® rU(g® p® r)® r
P5e02pUg® p P5e07p® Ng® N(p® q)
P5e03p® ® .rup® .qUr P5e08p® q® N(pUNQ)
P5e04NNp® .pUp P5e09p® Ng® .q® Np
P5e05p® q® rU.p® q P5e10v(p® p)® .p® p

Samedefinitions; sameinference-rulg DMP). (Therule canbe weakenedo n3 2 alone,
thanksto P5e05j.e.IF B takingasaninstancehereof p® g® qU.p® q'; asmuchapplies
to anyotherformulationwith the samedisjunctivewordingof theaxiom,e.g.the4thaxio-
matisationwith P5d05.In that senseMP canbe looked uponasenthymematic.)

6th axiomatisation

Primitives: U, t ® , Q, N. 'p« ¢ abbr 'p® qU.q® p'; "pUg’ abbr 'N(NpUNQ)'. 't' is
a new primitive (which is meantto be the conjunctionof all implicative truths). Q' is
a sententiakconstantvhosemeaningdoesnot concernus here.Two inferencerules: MP
and Ad|.

P5f01t® p® p P5f07 p® Np® Np

P5f02p® o® .q® r® .p® r P5f08 p® Ng® .gq® Np
P5f03p® (p® q)® .p® q P5f09 NNp® p

P5f04 p® .pUqg P5f10NQ®QU.Q® .Q® NQ
P5f05q® .pUqg P5f11 t® .p® qU.q® pU.p® g® r

P5f06 p® q® .r® g® .pUr® q
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We thenprovethat "Q« t'. In fact, we could usejust one of thosetwo primitives,
excepthatfor philosophicaleasonst is betterto provetheirequivalencehanto postulate
it.

Upon the basisof P4 all the follwing are equivalent(andall of thembring about
a collapseinto CL):

p« qU.g« rU.p« r (i.e. the Dugundijiformulain threeschematidetters)

p® .p® g® q (ExportedAssertion)

pP® (g® rN® .gq® .p® r (Permutation)

pUg® r® .p® .q® r (Exportation)

pUg® r® .pUNr® Nq (Antilogism)

pP°a® r« .p® .g® r (The «fusion»principle, where ™' is a primitive «fusion»functor)
p® .g® .pUqg (the Adjunction Principle)

p® .p® p (Mingle) N(p® p)® q

pUNp® g (Cornubia) N(p® p)® .q® .p® p
p® .q® p (VEQ) N(p® q)® .p® p

p® qU.o®r P®.0® ¢

Now we presentan axiomatisationfor P10 by addingto P5 the following axiom
schematd H' is a one-placeprimitive functor, while "@p' abbr HNp' and "pEq' abbr

"@pUq):

P10al1@pUp® q P10a5a
P10a2p® q® .Hp® Hq P10a6pE.a® p
P10a3Hp® p P10a7HvNa
P10a4NHp®@ Hp

Sincein P10we canprove Funnel(namely p® qUp'), IF (asit standsin all the
foregoing formulations of P5 B whether as such or as implicational Peirce, i.e.
P® q® p® p' provided p’ is implicational) becomesedundant.Thus a more elegant
axiomatisationof P10hasto be found.

§ § 8 § § § §
§3. SOME OUTSTANDING RESULTS

Hereis ashortlist of theorem-schematandruleswhich canbeprovedandderived,
respectivelywithin P10:

PEq. p [ g opUD (pUg) pE.qE.pUg
p® gE.pEq opUZ«D (pUg) p® .gEp
pEq, @q - Dp pEQ |- pUrE.qUr p® .BpEq
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It canbe easilyprovedthatthe fragmentof P10in <U,U,E ,@> is exactlyCL B of
which, therefore,P10is a conservativeextension We hadratherlook uponP10asthe
resultof enlaging CL with newfunctors,a nonstrongnegation, N', andanimplication,
‘®'. Theintendedsenseis that p® q' is true iff the degreeof truth of "p' is smaller
thanor equalto thatof "q', whereas'Np' is astrue {false} as p' is false{true} B in
otherwords,simple or naturalnegationreverseghe orderexpressedby '® ,' andthatis
all it does.In the presentontextwe'd betterreadclassicahegation, @', as not/at all'.

The existenceof two conditionals(the mereconditional'E' andimplication, ® ")
entailsthat there arein P10 two different deduction relations. We cankeep * ' asexpressing
mereinference while using" |' asexpressinga strongerinferencerelation, namely:p?,
Ya, p |Fo,fiff "p'Yap® q' is atheoremof P10;whereador * ' we do havetheclassical
deductiormetatheoremyiz. p', ¥, pn,r o, 8 iff p',%,p" F,JEqD theoremseingsuch
formulaeasare -inferredfrom anemptyantecedentClearlyif p |- thenp F-q. Our proof
theoryhasto beimplementedn suchaway thatthosedifferencesaretakeninto account.

Entailment,duly strengtheneds afunctorsensitiveto degreedifferenceswhereas
the mereconditional,"E', only takesinto accountwhetherformulaearecompletelyfalse
or not. CL is apoorsystemnotawrongone.lts flaw consistan thefactthat, by lacking
animplication and a negationwhich are degreesensitive,CL compelspeopleto think,
legislateandactin termsof all or nothingb sincefor all CL knows wholly' andjust
alittle’ aremerelystylistic variationswith no semantidifferencebetweerits beingalto-
gethertrue that andits being[just] true.

Hereis a semantidreatmeniof P5andP10.By a P5-matrix we meanan algebra
A=<A,0OD> whereA is awell-orderedsetof entities,Di A, andOis anorderedsetof ope-
rations<N,U,U® >, N beingunaryandthe otherbinaryandsuchthattherearethreeele-
ments's, 0, 1 satisfyingthesepostulates0 is the minimum; 1, the maximum; xUz =
maxx,z); xUz = mir(x,z); xEz iff Nx3 Nz; NV2=Vs; D is apropeffilter suchthat'zl D; x® z
=: 2 if xEz, andelse0; NO=1; NNx=x. Let T be anextensionof P5. A valuation,v is a
mappingfrom T into a P5-matrix,A, suchthatfor any two formulae, p', "q', theusual
conditionsare met: v(pUqg) = v(p)Uv(q), and the like for the remainingfunctors and
operationsA formula "p' of T is valid iff everyvaluation,v, is suchthat v(p)i D (the
respectivesetof designatecentitieswithin its range).An inference(i.e. an orderedpair
<Cp'> whereCis a setof formulae)is valid iff everyvaluationv suchthat, for every
g1 G v(g)l Dis suchthatv(p)l D. Clearly P5-matricesareKleenealgebragi.e. Quasi-
Booleanalgebrassatisfyingthe Kleenepostulatethat xUNx £ zUNz). In factit is easily
provedthat eachfinite P5-matrixis isomorphicto onewhosecarrieris afinite subseif
thesetof theintegerssuchthatfor everypositiveintegerthereinits negativealsobelongs,
andconverselythe algebraic2 will be the numericzero,while the algebraicl will be
thegreateshumberin the set.Soundnesandcompletenesarestraightforwardlyproved.
Notice, though,that noneof those[finite] matricesis characteristicBut let us form an
infinite P5-matrix,A,, whosecarriercomprisesanyinfinite subsebf thenaturalnumbers,
including zero,andtheir respectivenegativesplus ¥ and-¥. Let D be[0,¥]. ThenA,
ischaracteristic in the sensethat only all P5 theorems are mapped into designated elements,
butit is not strongly characteristic in thattherearevalid inferencegwith respecto A,)
which are not derivablein the systemP5 (e.g.{ p',"Np’,"q’,'Ng'} F ‘p®q'). Onthe
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otherhandif welet thesetof designatedaluesto compriseall elementsexcept¥, there
will be valid formulaewhich are not theoremsof P5,e.g. 'p® qUp' (Funnel).

Let usform a P10-matrix by addingto a P5-matrixan additionalunaryoperation,
H, andadditionalelementsw anda, suchthat: w=Na; x3a if x+0; Hx=: 1 if x=1, and
else0 (1 and 0 arethe algebraicl and O respectively) A valuationis a mappingfrom
a P10theoryT into a P10-matrix(we lay downthatv(a)=a andso on). Now, not only
aresoundnesandcompletenesattainedobut, moreimportantly a stronglycharacteristic
matrix becomesavailable:the setof all integersplus four additionalelements > w 3
everyinteger;andof courseeveryinteger® -w =a > -¥, with D comprisingall elements
except-¥. That matrix is the canonic P10 matrix.

Thus P10 hasthefinite model property, namely that every [nondeliquescent, i.e. Post-
consistentjnon-conservativextensionthereofhasa finite characteristianatrix. For let
L besuchanextensionof P10.Thereis aformulaor aschemap' within thevocabulary
of P10whichis atheoremin L butnotin P10.Let B andv be a P10algebraanda valu-
ation, respectivelysuchthatv(p) is designatedThe reasoncannotbe thatthe setof de-
signatedelementshasbeenenlaged, of course.lf the carrierof B is infinite, thenB is
isomorphico thecanoniamatrixof P10.ThereforeB s finite. Which entailsthatfor some
natural number n L is P10 plusthe Dugundji formulain n disuncts, namely: "p'« p2U.% U.
p'« prUY%Up '« p. Noneof thoseformulaeis a theoremof P10.

Mostinterestinglywhenpropositionaljuantifiersareusedwith theusualpostulates
for them (see[And_Bel_Dun], pp. 19ff), B using j' asapropositional variableb we define
~p' as 'p®" jj’, and 'prq as "$j(jUp® qUj)'; the fragmentof the ensuingsystem,
P16, in <U,U,»~>is exactlyCL. In thatsenseP10is to CL preciselyasE is to intui-
tionistic logic.*

§ 8 8 8 8 8§ 8§
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