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RESUMEN

El sistema de l� gica del entailment de Anderson & Belnap, E, fue cons-
truido atendiendo a motivaciones muy alejadas de las que animaron a la
puesta en pie de los sistemas fuzzy. Sin embargo, el presente trabajo
muestra que cabe desarrollar un tratamiento fuzzy aprovechando la cons-
trucci� n de E. La idea central de E es que p® q es verdadero si y
s� lo si hay una deducci� n natural de q a partir de p y eso se nota
en que en la deducci� n p no es una premisa ociosa. Reinterpretamos
aqu÷ese v÷nculo de relevancia en el sentido de que el grado de falsedad
de la conclusi� n no exceda al de las premisas. Reforzando el sistema E
con una serie de axiomas adicionales, obtenemos una l� gica conforme
con tal lectura.

§1. SOME ANOMALIES OF THE LOGIC OF ENTAILMENT

Entailmentallogical systemE hasbeenpublicizedby its founders,Andersonand
BelnapÐ A&B for shortÐ, asa logic of bothrelevanceandnecessity(see[And&Bel),
pp.23ff). Admittedly the systemhasturnedout to be lessstablethanit wassupposedto
beÐ a wide varietyof strengtheningshavingbeenproposedin theliterature,esp.by the
authorsof [RLR], pp. 242 ff. Ð, andin fact evenA&B themselvesrealizedthatseveral
axioms can be addedto systemE which do not run againstthe system's motivation
[And&Bel], pp. 340-1. (Thefact hasbeenhighlightedandgoneinto fromavariety of philo-
sophicaloutlooks;seee.g.Orayen'sdiscussionin [Orayen],n.14,p.86.)However, system
E hasremained aparadigmof entailmental logic. Such strengtheningsashavebeen proposed
areeitherof no really weighty logical significanceor elsebring aboutthe abandonment
of at leasta partof the initial motivation,relevance,ascharacterizedby thestandardsof
use-in-proof and variable-sharing Ð which neverthelessaredifferent and separableconstraints,
asMíndez (see[Míndez]), Avron (see[Avron]) andotherauthorshaveshown.

However, systemE is afflicted with anumberof shortcomings.Severalof themhave
alreadybeenpointedat bothby thedeeprelevantistschoolheadedby RichardSylvanin
[RLR] and in many other placesÐ aswell asby thealready mentioned Mí ndez and Avron.
Otheramongthe shortcomingshavenot beenemphasizedyet.

Let meenumeratesomeof thosedrawbacks.Firstandforemost,theAdjunctionrule
Ð Adj for shortÐ (namely p , q pÙq ) is introducedasanadditionalprimitive in-
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ference-rule,with no justification,but, worsethanthat, it is in fact crippledin anynatu-
ral-deduction implementation of thesystem Ð in fact theruleappliesonly within thedomain
of logic, the systemfailing to allow a generalapplicationof the rule in virtue of which
from anytwo premisesp and q theconclusion pÙq couldbedrawn.Any application
of systemE to anon-logicaltheorywill haveto fall backonacceptingonly onenonlogical
axiom of the theory, which will be the conjunctionof all its «ordinary»axioms.To that
extent, system E isin avery appropriatesenseanon-conjunctiveor non-copulativesystem,
eventhoughit falls shortof renouncingAdj altogetherasdo otherparaconsistentsystems
(JasÂkowski'sdiscussivelogic (see[Cos&Dub])or Rescher& Brandom'smodalapproach
(see[Res&Bra]).

Moreover, the coremotivationof entailmentallogic wasthe EntailmentPrinciple
([And&Bel], pp. 277-8),viz. that an inferenceof p from premises q , q , ¼, q
is valid if f r® p is a logical theorem,where r is the conjunctionof q , q , ¼,
q . Thus, systemE Ð unlike«deep»relevant logicsÐ countenancesConjunctiveAssertion

( p® qÙp® q ). But without afull-fledged or unshackled Adj wecannot in general conclude
p® qÙp from p® q and p . Thus,E debarsusfrom applying theEntailmentPrinciple

in ouinferringpractice,i.e.to first drawfromfrom { p® q , p } theconclusion p® qÙp
andthenfrom that conjunctionaloneto infer q .

Furthermore, systemE postulatesaprincipleof distributivity whichalsocausesserious
troublefor thenatural-deductionandGentzenimplementationsof thesystem(see[Dunn]),
andwhich anywayis sufficiently convolutedto deservebeinga provedtheoremrather
thanpostulatedasan axiom.

No lesssurprisingis thefailureof Factor, aprincipleinvestigatedby R. Sylvan.(On
thispoint, my argumentsborrow from [Syl&Urb], which isthemain extant study of Factor.)
Factoris p® q® .pÙr® .qÙr . Dueto lackthereof,systemE doesnotallow usto conclude
that headsof horsesareheadsof animalsfrom the premisethat horsesareanimals.For
let `p' mean`x is a horse'; `q', `x is an animal'; `r', `z is x's head'; thenthe wantedin-
ferencewould be: " x(p® q) " x($z(pÙr)® $z(qÙr)); but within aquantificational extension
of E wecanproveonly this: " x,z(p® qÙ.r® r)) " x($z(pÙr)®$ z(qÙr). (Theaxiomsfor
introducingquantifiersareunproblematic.)In otherwords,wecannotsimplyassumethat
what is a creature's headis its head;we needto stateit asanadditionalpremise,despite
its beinga logical theorem.Likewise, lack of Factorentailsthat set theory is going to
becomeuseless; for defineinclusion, `xÍ z' , as`" u(uÎ x® uÎ z)' ; then without Factor we' ll
losethefollowingset-theoretical principles: xÍ z® " v(xÇvÍ zÇv) ; x=z® " u(uÇx=uÇz) ,
with equalitydefinedasmutualinclusion;andevenif we lay down the principle of ex-
tensionality, " x,z(x=z® " v(xÎ v® zÎ v)) , we' ll beÐ without Factor Ð unableto conclude
that x=z® .p[x]® p[x/z] (let `p' be,e.g.,`xÎ uÙuÎ y'). On theotherhand,laying down
extensionalityin the strongerversionof the schema " x,z(x=z® .p[x]® p[x/z]) yields
x=z® .p® p , evenwith no occurrenceof `x' in `p'; which is preciselya set-theoretical

versionof what A&B tried to avoid by banningFactor, namely p® q® .r® r .

Interestingly, Factoris Ð not justwhenaddedto E butevenuponmuchweakersys-
temsof «deeprelevantlogic» Ð tantamountto Inclusion,namelythe principle p® qI.
pÙqIp , where`I' is mutual implication. The rationalefor Inclusion is that p implies
q if f the «content»of q is includedin that of p , i.e. if f p is equivalentto pÙq

Ð sothatby reaching q youareonly expressingsomethingimplicitly containedin p .
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Suchanideahasbeenwidely invokedin supportof relevantlogic.And yetonly extremely
weakrelevantlogics canadmit of Factor(or Inclusion); for, if a logic hasMP, Adj, the
transitivityrule( p® q , q® r p® r ), Commutativiyof bothdisjunctionandconjunc-
tion, Addition ( p® .pÚq ) and Simplification ( pÙq® p ), then, if it haseither Idem-
potenceof either conjunction ( p® .pÙp ) or disjunction ( pÚp® p ), or elsemutual Distri-
butivity, it hasasa theorem p® p® .q® q . (See[Syl&Urb] again.)

Most of all, systemE allows suppression(or omission)of provedentailmentsin
exportedform only, notin importedform.Thatis veryodd,sinceA&B ([And&Bel], p.262
top) allegethat omission iswhat leadsto theerroneouslaw of exportation in CL. E bestows
aprivileged statusto implicational formulaeand countenancessuch principlesasSuppression
( p® p® q® q ) andexportedtransitivity ( p® q® .q® r® .p® r ), the only naturalway
of justifying which is to allow Exportationfor implicationalformulae,dueto their special
statusÐ somethingE falls shortof accepting.Thusalthoughfrom p ® p ® .q® r® s
Ð provided q® r is a theoremÐ we can deduce p ® p ® s , we cannotdraw the
conclusionfrom p ® p Ù(q® r)® s , even if q® r is a logical theorem.So p® qÙ
(r® r)® s® .p® q® s is notatheoremof E. Accordinglyaconjunctionof two implicative
formulaeis not to countasan implicative formula at all!

Althoughthosedifferentshortcomingsmayseemunrelated,in fact theyarisefrom
the samesource:the weakenedstatusof conjunctionand the lack of what we cancall
interpolation axiomsÐ axioms, that is, which aresimpler and through which thelessobvious
axiomsof E would becomeprovabletheorems.

§ § § § § § §

§2. STRENGTHENING SYSTEM E INT O A LOGIC OF FUZZINESS

Taking asmy startingpoint the considerationsput forward above,I am going to
proposea chainof strengtheningsof systemE which cureit from the anomalies.What
is mostinterestingis thattheemergingsystemsareclearlyinterpretableaslogicsof fuzzi-
nessor graduality. ThustheE functor`® ', duly strengthened,receivesanappealingcon-
strualasmeaning`to the extent[at least] that'.

Provided with such areading, thefunctor hasto bestronger than theoriginal E arrow,
undernaturalassumptionsconcerningthe structureof truth degrees.

So,theresultingsystemsarecloserto CL (ClassicalLogic). Theyarenot relevant,
in thesensethat theydo not complywith the relevantistconstraints,or at leastnot with
theoneof variable-sharing.Theycomplywith theconstraintof usein proof, with some
adaptations. But that natural-deduction implementation liesbeyond thescopeof thepresent
paper.

Theresultingsystemsof fuzzy or gradualistic logicareintermediary betweenclassical
andentailmentallogic. The approximationto CL goesfurther thanthat. In fact, several
of the systemscontainall of CL, andare indeedconservativeextensionsof CL. Only,
theCL negatioǹ Ø' is given a differentreadingfrom what is customary. It is now read
`not¼at all'. Classicalnegationis completenegationÐ thefunctorwhichmapsanything
true,to whateverextent,into completefalsehood,andtheutterly falseinto completetruth.
In someimportantsense,thosesystemsareto CL asrelevantlogic wasmeantto be to
intuitionistic logic.
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All thosesystemshavethe laws of non-contradictionandexcludedmiddle. They
areparaconsistentcopulativesystems.I proceedto constructingthe chain.

SystemP0 = E

SystemP1 = P0 + Factor

SystemP2 = P1 + Linearization( p® qÚ.q® p )

SystemP3 = P2 + the Self-SelfPrinciple( N(p® p® N(p® p))® .p® p )

SystemP4 = P3 + IF [Implicational Funnel] ( p® qÚ.p® q® r )

SystemP4.5= P4 + Mingle = CL. Mingle is p® .p® p

SystemP5 = P4 + oneof these:Aristotle ( N(p® Np) ), Boethius( p® q® N(p® Nq) )
or Contradiction(namely, for someparticularsententialconstantj: jÙNj )

SystemP6 = P4 + both theseprinciples: p® q® .NHNHp® Hq and Hp® qÚ.Np® r
(`H' is read:`It is altogethertrue that')

SystemP3.5= P3 + thosetwo principlesinvolving `H' = P6 minusIF

SystemP7 = P6 + HpÚNp

SystemP8= P3.5+ thesetwo: a and a® pÚ.p® q (`a' is asententialconstantmeaning
the conjunctionof all truths)

SystemP8.5= P8 + Ha = CL

SystemP9 = P8 + NH(a®a )

SystemP10= P8 + HN(Na®a )

It canbeprovedthatP8containsP7;thatP10containsP9;thatP9containsP5;that
P8is a conservativeextensionof CL (if classicalnegation,̀ Ø', is definedas`HN'), and
thatP5andsuchsystemsascontainP5arenot justparaconsistentbutcontradictorial(they
have the theoremof Heracleitus: N(p® p) ). (In fact, N(p® p)® (p® p)® (p® p)®
N(p® p)® N(N(p® p)® (p® p)® (p® p)® N(p® p)) is a theoremof E; the apodosisis
thenegationof theprotasis;whenwe addAristotle or Boethius,the resultis immediate:
the negationof the theoremis alsoa theorem.But in P1 we prove pÙNp® N(q® q) .)

Amongall thosesystems,P5andP10areby far themostimportantones.Theyare
themoststable.Themainmotivationin goingfrom P4to P6andup is to encompassCL
within fuzzylogic,astheextremecasewhereinit is aquestionof eithercompletefalseness
or not (alternativelyof eithercompletetruth or not).SystemP8andthoseaboveit allow
to implementclassicalconditional(which canbe definedin the usualway with strong
negation,̀ Ø', anddisjunction,`Ú') in therelevantlyrecommendedway: pÉq if f thereis
sometruth, namelya, suchthat pÙa® q.

A number of Hilbert styleaxiomatizationsareprovided below, which aremoreelegant
than the geneticpresentationjust described.Here is an axiomatizationfor P5 with ten
axiomsandoneprimitive inferencerule:

Primitive symbols: `Ù', `N', `® '. `p', `q' etc areusedasschematicletters.Notational
conventionsareÝla Church:all two-placefunctorshavethe sameweight andassociate
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leftwards;a dot aftera two-placefunctorstandsfor a left parenthesiswith its mateasfar
to the right aspossible.

Definitions: pÚq abbr N(NpÙNq) ; p abbr N(p® Np)

P5a01p® q® rÙ(q® p® r)® r

P5a02p® qÙ(q® r)® .p® r

P5a03pÙqÙr® .rÙpÙq

P5a04pÙq® p

P5a05p® q® r® sÙ( (p® p)® (p® q)® s)® s

P5a06p® q® .r® s® .p® qÙ.r® s

P5a07p® q® .p® .pÙq

P5a08Np® q® N(p® q)

P5a09p® Nq® .q® Np

P5a10NNp® p

Infer encerule: DMP (i.e. disjunctivemodusponens): for n³ 1:

p ® qÚ(p ® q)Ú¼ Ú.p ® q, p , ¼, p q

MP [ModusPonens] is a particularcaseof therule Ð theonewhereinn=1.Adj is
a derivedinference-rule.

The significanceof DMP is that to deduce q from a numberof premisesis to
showthat q is deducedfrom at leastoneof them.Whichdoesnotmeanthatnecessarily
thereis a proof from oneof thepremisesalone,sincethewholeproof of theconclusion
from thepremisesconsistsin showingthatit eitherfollows from thefirst premise,or from
thesecond premise, and so on. Thosedeductionsarenot completeproofs, but proof-branches
or alternative sub-proofs.

Five alternativeaxiomatizationsof systemP5 arenow provided.

2d axiomatisation.

P5b01p® p® q® q

P5b02p® qÙ(q® r)® .p® r

P5b03pÙqÙr® .rÙpÙq

P5b04pÙq® p

P5b05p® q® p® p (provided p is an implicational formula)

P5b06p® .q® .pÙq (provided p and q areimplicational formulae)

P5b07p® q® .p® .pÙq

P5b08N(Np® p)

P5b09p® Nq® .q® Np

P5b10NNp® p

P5b11 p® qÚ.q® p

P5b12 (p® p)® .p® p

Samedefintionsandsameinference-rule(DMP) asabove.

3d axiomatisation.

P5c01p® q® r® .q® p® r® r

P5c02p® q® .q® r® .p® r

P5c03pÙqÙr® .rÙpÙq

P5c04pÙq® p

P5c05 (p® p)® .p® p

P5c06p® (q® r)® .pÙq® r

P5c07 Np® Np® .p® q® p® p

P5c08p® q® .p® .pÙq

P5c09Np® p® p (or, alternatively, pÙNq® N(p® q))
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P5c10p® Nq® .q® Np P5c11 NNp® p

P5c12 p® Nq® N(p® q) (or, alternatively, QÙNQ, with `Q' aprimitivesentential constant)

Samedefinitionsandsameinferencerule (DMP) asabove.

4th axiomatisation.

P5d01p® p® q® q

P5d02p® q® .q® r® .p® r

P5d03pÙqÙr® .rÙpÙq

P5d04pÙq® p

P5d05p® q® rÚ.p® q

P5d06p® q® (q® p)® .q® p

P5d07p® q® .p® .pÙq

P5d08Np® p® p

P5d09Np® q® .Nq® p

P5d10p® NNp

P5d11 p® q® N(Np® q))

P5d12N(p® p)® .p® p® N(p® p)

Samedefinitions;sameinference-rule(DMP).

5th axiomatisation.

P5e01p® q® .q® r® .p® r

P5e02pÙq® p

P5e03p® q® .rÙp® .qÙr

P5e04NNp® .pÙp

P5e05p® q® rÚ.p® q

P5e06p® q® rÙ(q® p® r)® r

P5e07p® Nq® N(p® q)

P5e08p® q® N(pÙNq)

P5e09p® Nq® .q® Np

P5e10 (p® p)® .p® p

Samedefinitions;sameinference-rule(DMP). (Therule canbeweakenedto n³ 2 alone,
thankstoP5e05,i.e.IF Ð takingasaninstancethereof p® q® qÚ.p® q ; asmuchapplies
to anyotherformulationwith thesamedisjunctivewordingof theaxiom,e.g.the4thaxio-
matisationwith P5d05.In that senseMP canbe lookeduponasenthymematic.)

6th axiomatisation

Primitives: Ú, t ® , Q, N. p« q abbr p® qÙ.q® p ; pÙq abbr N(NpÚNq) . `t' is
a new primitive (which is meantto be the conjunctionof all implicative truths).`Q' is
a sententialconstantwhosemeaningdoesnot concernushere.Two inferencerules:MP
andAdj.

P5f01t® p® p

P5f02p® q® .q® r® .p® r

P5f03p® (p® q)® .p® q

P5f04p® .pÚq

P5f05q® .pÚq

P5f06p® q® .r® q® .pÚr® q

P5f07p® Np® Np

P5f08p® Nq® .q® Np

P5f09NNp® p

P5f10NQ®QÙ.Q® .Q® NQ

P5f11 t® .p® qÚ.q® pÙ.p® q® r
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We thenprovethat Q« t . In fact, we couldusejust oneof thosetwo primitives,
exceptthatfor philosophicalreasonsit is betterto provetheirequivalencethanto postulate
it.

Upon the basisof P4 all the follwing areequivalent(andall of thembring about
a collapseinto CL):

p« qÚ.q« rÚ.p« r (i.e. the Dugundji formula in threeschematicletters)

p® .p® q® q (ExportedAssertion)

p® (q® r)® .q® .p® r (Permutation)

pÙq® r® .p® .q® r (Exportation)

pÙq® r® .pÙNr® Nq (Antilogism)

p°q® r« .p® .q® r (The «fusion»principle,where`°' is a primitive «fusion»functor)

p® .q® .pÙq (the Adjunction Principle)

p® .p® p (Mingle)

pÙNp® q (Cornubia)

p® .q® p (VEQ)

p® qÚ.q® r

N(p® p)® q

N(p® p)® .q® .p® p

N(p® q)® .p® p

p® .q® q

Now we presentan axiomatisationfor P10by addingto P5 the following axiom
schemata(`H' is a one-placeprimitive functor, while Øp abbr HNp and pÉq abbr
ØpÚq ):

P10a1ØpÙp® q

P10a2p® q® .Hp® Hq

P10a3Hp® p

P10a4NHp®Ø Hp

P10a5a

P10a6pÉ.a® p

P10a7H Na

Sincein P10we canproveFunnel(namely p® qÚp ), IF (as it standsin all the
foregoing formulations of P5 Ð whether as such or as implicational Peirce, i.e.
p® q® p® p provided p is implicational) becomesredundant.Thus a more elegant

axiomatisationof P10hasto be found.

§ § § § § § §

§3. SOME OUTSTANDING RESULTS

Hereis ashortlist of theorem-schemataandruleswhichcanbeprovedandderived,
respectively, within P10:

pÉq , p q

p® qÉ.pÉq

pÉq, Øq Øp

ØpÙØq«Ø (pÚq)

ØpÚØq«Ø (pÙq)

pÉq pÚrÉ.qÚr

pÉ.qÉ.pÙq

p® .qÉp

p® .ØpÉq
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It canbeeasilyprovedthat thefragmentof P10in <Ù,Ú,É,Ø> is exactlyCL Ð of
which, therefore,P10is a conservativeextension.We hadratherlook uponP10asthe
resultof enlarging CL with newfunctors,a nonstrongnegation,̀ N', andanimplication,
`® '. The intendedsenseis that p® q is true if f the degreeof truth of p is smaller
thanor equalto that of q , whereas Np is astrue {false} as p is false{true} Ð in
otherwords,simpleor naturalnegationreversestheorderexpressedby `® ,' andthat is
all it does.In thepresentcontextwe'd betterreadclassicalnegation,̀ Ø', as`not¼at all'.

Theexistenceof two conditionals(themereconditional`É' andimplication,`® ')
entailsthat therearein P10 two different deduction relations. Wecan keep ` ' asexpressing
mereinference,while using` ' asexpressinga strongerinferencerelation,namely:p ,
¼, p P10q if f p ¼p ® q is a theoremof P10;whereasfor ` ' wedohavetheclassical
deductionmetatheorem,viz. p , ¼, p , r P10q if f p ,¼,p P10rÉq Ð theoremsbeingsuch
formulaeasare -inferredfrom anemptyantecedent.Clearlyif p q thenp q. Ourproof
theoryhasto beimplementedin sucha way thatthosedifferencesaretakeninto account.

Entailment,duly strengthened,is a functorsensitiveto degreedifferences,whereas
themereconditional,`É', only takesinto accountwhetherformulaearecompletelyfalse
or not.CL is a poorsystem,not a wrongone.Its flaw consistsin thefact that,by lacking
an implication anda negationwhich aredegreesensitive,CL compelspeopleto think,
legislateandact in termsof all or nothingÐ sincefor all CL knows`wholly' and`just
a little' aremerelystylisticvariations,with nosemanticdifferencebetweenits beingalto-
gethertrue that andits being[just] true.

Hereis a semantictreatmentof P5 andP10.By a P5-matrix we meanan algebra
A=<A,O,D> whereA is awell-orderedsetof entities,DÍ A, andOis anorderedsetof ope-
rations<N,Ú,Ù,® >, N beingunaryandtheotherbinaryandsuchthattherearethreeele-
ments , 0, 1 satisfyingthesepostulates:0 is the minimum; 1, the maximum;xÚz =
max(x,z); xÙz = min(x,z); x£z if f Nx³ Nz; N = ; D is aproperfilter suchthat Î D; x® z
=: if x£z, andelse0; N0=1; NNx=x. Let T be anextensionof P5.A valuation,v is a
mappingfrom T into a P5-matrix,A, suchthat for any two formulae, p , q , theusual
conditionsare met: v(pÙq) = v(p)Ùv(q), and the like for the remainingfunctors and
operations.A formula p of T is valid if f everyvaluation,v, is suchthat v(p)Î D (the
respectivesetof designatedentitieswithin its range).An inference(i.e. an orderedpair
<C, p > whereC is a setof formulae)is valid if f everyvaluationv suchthat, for every
q Î C, v(q)Î D is suchthatv(p)Î D. Clearly, P5-matricesareKleenealgebras(i.e. Quasi-

Booleanalgebrassatisfyingthe Kleenepostulatethat xÙNx £ zÚNz). In fact it is easily
provedthateachfinite P5-matrixis isomorphicto onewhosecarrieris a finite subsetof
thesetof theintegerssuchthatfor everypositiveintegerthereinits negativealsobelongs,
andconversely:the algebraic will be the numericzero,while the algebraic1 will be
thegreatestnumberin theset.Soundnessandcompletenessarestraightforwardlyproved.
Notice, though,that noneof those[finite] matricesis characteristic.But let us form an
infinite P5-matrix,A¥ , whosecarriercomprisesanyinfinite subsetof thenaturalnumbers,
including zero,andtheir respectivenegatives,plus ¥ and-¥ . Let D be [0,¥ ]. ThenA¥

ischaracteristic in thesensethat only all P5 theoremsaremapped into designated elements,
but it is not strongly characteristic in thattherearevalid inferences(with respectto A¥)
which arenot derivablein the systemP5 (e.g. { p , Np , q , Nq } p® q ). On the
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otherhand,if we let thesetof designatedvaluesto compriseall elementsexcept-¥ , there
will be valid formulaewhich arenot theoremsof P5,e.g. p® qÚp (Funnel).

Let us form a P10-matrix by addingto a P5-matrixanadditionalunaryoperation,
H, andadditionalelements,w anda, suchthat: w=Na; x³a if x 0; Hx=: 1 if x=1, and
else0 (1 and0 are the algebraic1 and0 respectively).A valuationis a mappingfrom
a P10theoryT into a P10-matrix(we lay down that v(a)=a andso on). Now, not only
aresoundnessandcompletenessattainedbut, moreimportantly, a stronglycharacteristic
matrix becomesavailable:the setof all integersplus four additionalelements,¥ > w ³
everyinteger;andof courseeveryinteger³ -w = a > -¥ , with D comprisingall elements
except-¥ . That matrix is the canonic P10matrix.

ThusP10hasthefinitemodel property, namely that every [nondeliquescent, i.e. Post-
consistent]non-conservativeextensionthereofhasa finite characteristicmatrix. For let
L besuchanextensionof P10.Thereis a formulaor a schema p within thevocabulary
of P10which is a theoremin L but not in P10.Let B andv bea P10algebraanda valu-
ation,respectively, suchthat v(p) is designated.The reasoncannotbe that the setof de-
signatedelementshasbeenenlarged,of course.If the carrierof B is infinite, thenB is
isomorphicto thecanonicmatrixof P10.Therefore,B is finite. Whichentailsthatfor some
natural number n L isP10 plustheDugundji formulain n disjuncts, namely: p « p Ú.¼ Ú.
p « p Ú.¼Ú.p - « p . Noneof thoseformulaeis a theoremof P10.

Most interestingly, whenpropositionalquantifiersareusedwith theusualpostulates
for them (see[And_Bel_Dun], pp. 19ff), Ð using `j' asapropositional variableÐ wedefine
~p as p®" jj , and p q as $j(jÙp® qÙj) ; the fragmentof the ensuingsystem,

P10$" j, in <Ù,Ú, ,~> is exactlyCL. In thatsense,P10is to CL preciselyasE is to intui-
tionistic logic.*
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